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11 Isometric immersions of warped products
M. Dajczer and T. Vlachos
Abstract
We provide conditions under which an isometric immersion of a
(warped) product of manifolds into a space form must be a (warped)
product of isometric immersions.
A basic problem in the theory of submanifolds is to provide conditions
that imply that an isometric immersion of a product manifold must be a
product of isometric immersions. The first contribution to that problem was
given by Moore [7] under purely intrinsic assumptions. Namely, he showed
that an isometric immersion of a product of Riemannian manifolds
f :Mn = Mm11 × . . .×M
mk
k → R
n+k
must be a product f = f1×· · ·× fk of hypersurfaces fi:M
mi
i → R
mi+1 if the
codimension equals the number of factors and no factor has an open subset
at which all sectional curvatures vanish.
Moore’s local result trivially fails if higher codimension is allowed. For
instance, one can compose f as above with any (local) isometric immersion
of Rn+k into Rn+k+ℓ for ℓ ≥ 1. This suggest that for higher codimension a
hypothesis of extrinsic nature that forbids compositions may be needed. In
that direction, a natural assumption is an upper bound on the size of the
s-nullities of the immersion; see Example 7 below. The concept of s-nullities
was introduced in [3] and has been playing an increasing role in the study of
rigidity questions of submanifolds; see [3], [4] and [6].
In this paper, we provide conditions under which an isometric immersion
of a product of manifolds must be a product of immersions. In fact, we
consider a much more general situation. We allow the ambient space to
have any constant sectional curvature and the submanifold can be a warped
product of manifolds instead of just an ordinary Riemannian product.
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We point out that the very special case of a warped product of only
two factors in codimension two was solved in [5] in great generality, namely,
without any assumption of extrinsic nature.
1 Preliminaries
On a product Mn =M0×M1× ...×Mk of connected Riemannian manifolds
we define a new metric by
〈X, Y 〉 = 〈π0∗X, π0∗Y 〉+
k∑
i=1
(ρi ◦ π0)
2 〈πi∗X, πi∗Y 〉
where ρ1, . . . , ρk ∈ C
∞(M0) are positive functions and πi:M
n →Mi denotes
the canonical projection. We call Mn endowed with this metric the warped
product of M0, . . . ,Mk with warping functions ρ1, . . . , ρk and denote by
Mn =M0 ×ρ1 M1 × ...×ρk Mk.
For simplicity, from now on we identify the tangent bundles TMj with the
corresponding tangent distributions to Mn.
Let Qmc denote a complete and simply connected space form of sectional
curvature c. If c 6= 0, we always view Qmc as a totally umbilical hypersurface
of Euclidean space Rm+1 with Riemannian or Lorentzian signature according
to the sign of c. Fix a point q ∈ Qmc and let Q
m0
c ,Q
m1
c1
, . . . ,Qmkck , m =
∑
mj ,
be submanifolds through q such that the first one is totally geodesic and all
the others are totally umbilical with mean curvature vectors z1, . . . , zk at q
and 〈zi, zj〉 = −c for i 6= j. The warped product representation
Ψ : Qm0c ×σ1 Q
m1
c1
× . . .×σk Q
mk
ck
→ Qmc
of Qmc is the map
Ψ(p0, p1, . . . , pk) = p0 +
k∑
i=1
σi(p0)(pi − q)
where the functions σi : Q
m0
c → R+ are defined as
σi(p) =
{
1 + 〈p− q, ai〉 if c = 0,
〈p, ai〉 if c 6= 0
and satisfy σi(q) = 1 with ai = cq − zi.
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It was shown by No¨lker [8] that any isometry of a warped product with
k + 1 factors onto an open dense subset of Qmc arises as the restriction of a
warped product representation as above.
Given a warped product representation
Ψ : Qm0c ×σ1 Q
m1
c1
× . . .×σk Q
mk
ck
→ Qn+pc (1)
and isometric immersions fi:Mi → Q
mi
ci
, 0 ≤ i ≤ k with c0 = c, the map
f = Ψ ◦ (f0 × . . .× fk):M
n =M0 ×ρ1 M1 × . . .×ρk Mk → Q
n+p
c (2)
is an isometric immersion of the warped product manifold Mn with warping
functions ρi = σi ◦ f0.
We call f given by (2) a warped product of isometric immersions. It is
easy to see that its second fundamental form
α:TM × TM → NfM
is adapted to the product structure of Mn. This means that
α(Xi, Xj) = 0 for all Xi ∈ TMi, Xj ∈ TMj , i 6= j.
The following basic result is due to No¨lker [8].
Proposition 1. Let f :Mn =M0×ρ1M1×. . .×ρkMk → Q
n+p
c be an isometric
immersion with adapted second fundamental form. Then, there is a warped
product representation Ψ of Qn+pc and isometric immersions fi:Mi → Q
mi
ci
,
0 ≤ i ≤ k, such that f = Ψ ◦ (f0 × . . .× fk) is a warped product of isometric
immersions.
We now consider isometric immersions of a Riemannian product, i.e., all
warping functions are constant. The following fact was used by Moore to
prove the result discussed in the introduction.
Corollary 2. Let f :Mn =M1×. . .×Mk → R
n+p be an isometric immersion
with adapted second fundamental form. Then f = f1 × . . .× fk is a product
of isometric immersions fi:Mi → R
ni, 1 ≤ i ≤ k.
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For the case c 6= 0, we first observe that by fixing a point p¯ ∈ Qm0c in
the warped product representation (1) we obtain the isometric embedding
F :Qm1c1 × . . .×Q
mk
ck
→ Qn+pc with parallel second fundamental form and flat
normal bundle given by
F (p1, . . . , pk) = Ψ(p¯, p1, . . . , pk). (3)
The following result is due to Reckziegel [9].
Proposition 3. Let f :Mn =M1× . . .×Mk → Q
n+p
c , c 6= 0, be an isometric
immersion with adapted second fundamental form. Then, there are isometric
immersions fi:Mi → Q
mi
ci
, 1 ≤ i ≤ k, such that
f = F ◦ (f1 × · · · × fk)
where F is given by (3).
2 The main lemma
Let β:V × V → W be a symmetric bilinear form where V and (W, 〈 , 〉) are
real vector spaces of finite dimension n and p, respectively, equipped with
inner products.
The s-nullity νs of β for any integer 1 ≤ s ≤ p is defined by
νs = max
Us⊂W
dim{x ∈ V : βUs(x, y) = 0 for all y ∈ V }.
Here βUs = πUs ◦ β where U
s is any s-dimensional subspace of W and
πUs:W → U
s denotes the orthogonal projection.
Let R:V × V × V × V → R be the multilinear map with the algebraic
properties of the curvature tensor defined by
R(x, y, z, w) = 〈β(x, w), β(y, z)〉 − 〈β(x, z), β(y, w)〉.
Lemma 4. Assume that 2p < n and νs < n − 2s for all 1 ≤ s ≤ p. Let
V = V1 ⊕ V2 be an orthogonal splitting such that
R(x, y, z, u) = R(x, y, u, v) = R(x, u, v, w) = 0
for any x, y, z ∈ V1 and u, v, w ∈ V2. Then,
S = span {β(x, y) : x ∈ V1 and y ∈ V2} = 0.
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Proof: For x ∈ V1 we denote by Bx:V2 → S the linear map
Bx(y) = β(x, y)
and set
D = kerBx ⊂ V2. (4)
Fix x ∈ V1 such that Bx has maximal rank, i.e.,
rankBx ≥ rankBy (5)
for any y ∈ V1. Thus, dimD ≤ dimkerBy for any y ∈ V1.
We first argue that
D ⊂ kerBy for any y ∈ V1. (6)
From R(x, y, v, ej) = 0 we obtain
〈Bxej, Byv〉 = 〈Bxv, Byej〉 = 0, 1 ≤ j ≤ ℓ, (7)
where v ∈ D, y ∈ V1 and {e1, . . . , eℓ} is an orthonormal basis of E in the
orthogonal splitting V2 = D ⊕ E.
The rank of Bx+ty is at most ℓ for any t ∈ R. Therefore, the vectors
Bx+tyv = tByv, Bx+tyej , 1 ≤ j ≤ ℓ, are linearly dependent. Hence, the
Gramm determinant of these vectors is an identically zero polynomial in t. By
(7) the term of lowest order is t2‖Byv‖
2G, where G is the Gramm determinant
of the linearly independent vectors Bxej, 1 ≤ j ≤ ℓ. It follows that Byv = 0
for any y ∈ V1 and v ∈ D, and this is (6).
Next, we prove that
β(u, v)−
ℓ∑
i,j=1
〈u, ei〉〈v, ej〉β(ei, ej) ∈ S
⊥ (8)
for any u, v ∈ V2. From (6) we obtain
β(y, v) =
ℓ∑
j=1
〈v, ej〉β(y, ej)
for any y ∈ V1. Then R(y, u, w, v) = 0 yields
〈β(u, v), β(y, w)〉 =
ℓ∑
j=1
〈v, ej〉〈β(y, ej), β(u, w)〉
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for any y ∈ V1 and u, v, w ∈ V2. In particular,
〈β(w, u), β(y, ej)〉 =
ℓ∑
i=1
〈u, ei〉〈β(y, ei), β(ej, w)〉.
Hence,
〈β(u, v), β(y, w)〉 =
ℓ∑
i,j=1
〈u, ei〉〈v, ej〉〈β(y, ei), β(ej, w)〉.
Using
〈β(y, ei), β(ej, w)〉 = 〈β(y, w), β(ei, ej)〉
we obtain
〈β(u, v)−
ℓ∑
i,j=1
〈u, ei〉〈v, ej〉β(ei, ej), β(y, w)〉 = 0
for any y ∈ V1 and u, v, w ∈ V2, and this is (8).
We have from (6) that β(u, y) = 0 if u ∈ D and y ∈ V1 and from (8) that
βS(u, v) = 0 if u ∈ D and v ∈ V2. Therefore,
βS(u, e) = 0 if u ∈ D and e ∈ V.
Suppose that s = dimS 6= 0. Then, choose vectors xj ∈ Vj, j = 1, 2, such
that Bxj :Vk → S, j 6= k, has maximal rank. It follows from the above that
βS(b, e) = 0 for any b ∈ kerBx1 ⊕ kerBx2 and e ∈ V . Hence,
νs ≥ dimkerBx1 + dim kerBx2 ≥ n− 2s,
and this contradicts our assumption.
3 The results
In this section, we state and prove the results of this paper. The main tool
for the proofs is the algebraic lemma given in the preceding section.
We define the s-nullity νs(x) of an isometric immersion f :M
n → M˜n+p
at a point x ∈ Mn for an integer 1 ≤ s ≤ p as the s-nullity of its second
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fundamental form at that point. Notice that νp(x) is the standard index of
relative nullity of f at x ∈ Mn.
We start with the case of a Riemannian products of manifolds
Mn = Mn11 × . . .×M
nk
k .
Theorem 5. Let f :Mn → Qn+pc with 2p < n be an isometric immersion
such that νs < n− 2s for 1 ≤ s ≤ p at any point.
(i) If c = 0, then f = f1 × . . .× fk is a product of isometric immersions.
(ii) If c 6= 0, then f = F ◦ (f1 × · · · × fk) where F is given by (3).
Proof: We apply Lemma 4 to the second fundamental form of f at any point
of Mn, and conclude that it must be adopted to the product structure of the
manifold. The proof now follows from Corollary 2 or Proposition 3 according
to c = 0 or c 6= 0.
In the remaining of the paper we consider the case of isometric immersions
of warped product manifolds
Mn = Mn00 ×ρ1 M
n1
1 × . . .×ρk M
nk
k .
Our next result assumes that the warping functions are pairwise linearly
independent. This condition should not be seen as a restriction. In fact, if
two warping functions are linearly dependent, we may change the metric of
one of the factors by an homothety in such a way that both factors now have
the same warping function and can be put together in a new factor.
Before we give the statements for the warped product case, we recall the
relations between the Levi-Civita connections and the curvature tensors for a
warped product metric (left hand side) and the Riemannian product metric:
∇XY = ∇˜XY +
k∑
j=1
(〈Xj, Y j〉ηj − 〈X, ηj〉Y
j − 〈Y, ηj〉X
j) (9)
and
R(X, Y ) = R˜(X, Y )−
k∑
i,j=1
〈ηi, ηj〉X
i ∧ Y j (10)
+
k∑
j=1
[(∇X0ηj − 〈ηj, X〉ηj) ∧ Y
j +Xj ∧ (∇Y 0ηj − 〈ηj, Y 〉ηj)]
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where Xj = (πj)∗X and ηj = −grad log ρj.
Theorem 6. Let f :Mn → Qn+pc with 2p < n be an isometric immersion
such that νs < n − 2s for 1 ≤ s ≤ p at any point. Assume that the warping
functions are pairwise linearly independent everywhere. Then f is a warped
product of isometric immersions.
Proof: We have from (10) that
R(X, Y, Z, U) = R(X, Y, U, V ) = R(X,U, V,W ) = 0
for any X, Y, Z ∈ TM0 and U, V,W ∈ TM1 ⊕ · · · ⊕ TMk. Hence Lemma 4
applies to the second fundamental form of f at any point of Mn. Thus,
α(X, V ) = 0 (11)
if X ∈ TM0 and V ∈ TM1 ⊕ · · · ⊕ TMk.
To conclude that the second fundamental form of the immersion must be
adopted to the product structure, it remains to show that
α(U, V ) = 0 if U ∈ TMi and V ∈ TMj for i 6= j and i, j ≥ 1. (12)
To see this, first observe that (9) gives
∇UV = 0 and ∇XU = ∇UX = −〈ηi, X〉U (13)
for any X ∈ TM0. The Codazzi equation
(∇⊥Xα)(U, V ) = (∇
⊥
Uα)(X, V )
of f using (11) and (13) yields
(∇⊥Xα)(U, V ) = α(∇XU, V ).
Since the left hand side is symmetric in U and V , it follows using (13) that
α(U, V )〈ηi − ηj , X〉 = 0
for any X ∈ TM0. Thus (12) holds since ηi − ηj 6= 0 if i 6= j by assumption,
and the proof follows from Proposition 1.
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Example 7. The assumption on the s-nullities in Theorem 6 goes beyond
excluding the case of compositions as discussed in the introduction. In fact,
for submanifolds with two factors in codimension two it was shown in [5]
that there are two families of submanifolds that are not warped products of
isometric immersions. Although the submanifolds belonging to one family
are compositions, the ones in the other family are not.
As in Moore’s result discussed in the introduction, we next restrict the
codimension to the number of factors and assume a curvature condition.
Theorem 8. Let f :Mn = Mn00 ×ρ1 M
n1
1 × . . . ×ρk M
nk
k → Q
n+k+1
c with
2k+2 < n be an isometric immersion such that νs < n−2s for 1 ≤ s ≤ k+1
at any point. Assume that no factor has an open subset where the sectional
curvature or the corresponding warping function is constant. Then f is a
warped product of hypersurfaces.
Proof: If the number r of pairwise linearly independent warping functions
is r = k, the result follows from Theorem 6 and the curvature assumption.
Thus, we may assume r < k and let ρi1 , . . . , ρir , 1 ≤ i1 < . . . < ir ≤ k, be the
pairwise linearly independent warping functions. Hence, we may view Mn
as a warped product
Mn = M ℓ00 ×ρi1 Mˆ
ℓ1
1 × · · · ×ρir Mˆ
ℓr
r (14)
where the factors Mˆ
ℓj
j are the Riemannian products
Mˆ
ℓj
j = Πi∈IjMi, 1 ≤ j ≤ r,
and Ij denotes the set of all indices 1 ≤ i ≤ k that correspond to factors
with the same associated warping function after homoteties, if necessary.
We apply Theorem 6 to Mn with the warped product structure (14). It
follows that f is a warped product of isometric immersions
f = Ψ ◦ (fˆ0 × fˆ1 × · · · × fˆr)
with respect to a warped product representation
Ψ:Qm0c ×σ1 Q
m1
c1
× · · · ×σr Q
mr
cr
→ Qn+k+1c ,
where fˆ0 = f0 and fˆj : Mˆ
ℓj
j → Q
mj
cj , 1 ≤ j ≤ r.
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We show that fˆj , 1 ≤ j ≤ r, satisfies at any point of Mˆ
ℓj
j that
ν fˆjs < ℓj − 2s (15)
for 1 ≤ s ≤ cod(fˆj) = mj − ℓj. We have from Lemma 12 in [8] that
α = Ψ∗α
fˆ0×···×fˆr , (16)
where
αfˆ0×···×fˆr(X, Y ) = (γ(X, Y ), αfˆ1(Xˆ1, Yˆ1), . . . , α
fˆr(Xˆr, Yˆr))
and
γ(X, Y ) = αfˆ0(X0, Y0)−
r∑
j=1
ρij〈Xˆj , Yˆj〉(gradσj − f0∗ grad ρij ).
We argue by contradiction. At some point of Mˆ
ℓj0
j0
, let ν
fˆj0
s0 ≥ ℓj0 − 2s0 for
some 1 ≤ j0 ≤ r and 1 ≤ s0 ≤ cod(fˆj0). Therefore, there exists a subspace
Us0 ⊂ Nfˆj0
Mˆj0 such that
dim {Y ∈ TMj0 : α
fˆj0
Us0 (Y, Z) = 0 for all Z ∈ TMj0} ≥ ℓj0 − 2s0.
From the above, we have
α
fˆ0×···×fˆr
Us0 (X, Y ) = (0, 0, . . . , α
fˆj0
Us0 (Xˆj0 , Yˆj0), . . . , 0).
It follows that
νs0(fˆ0 × · · · × fˆr) ≥ lj0 − 2s0 +
∑
i 6=j0
li = n− 2s0,
In view of (16) this a contradiction and proves (15).
Assume that |Ij| > 1 for some j. From (15) and Theorem 5, we obtain
fˆj =


g
j
1 × · · · × g
j
|Ij|
if cj = 0,
Fj ◦ (g
j
1 × · · · × g
j
|Ij|
) if cj 6= 0.
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By the curvature assumption cod(gji ) ≥ 1 for any i ∈ Ij. Therefore,
cod(fˆj) ≥ |Ij| if cj = 0 and cod(fˆj) > |Ij | if cj 6= 0.
We also have from the curvature assumption that cod(fˆj) ≥ 1 if either j = 0
or |Ij| = 1. Hence,
k + 1 =
r∑
j=0
cod(fˆj) ≥
r∑
j=0
|Ij | = k + 1.
Therefore cod(fˆj) = |Ij| for any 0 ≤ j ≤ r. In particular, if |Ij| > 1 then fˆj
is a product of Euclidean hypersurfaces. We conclude that each factor in the
initial product decomposition of Mn must be a hypersurface.
Remark 9. Notice that the proof of the last result gives some additional
information. For instance, if the warping functions are not pairwise linearly
independent then we must have c ≤ 0.
The results of this paper are local in nature. Global results for isometric
immersions of Riemannian products where obtained in [1] and [2]. In the
latter the role of compositions was clarified.
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